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Scope

In semi-supervised learning (SSL), we learn a predictive model from a collection of labeled

data and a typically much larger collection of unlabeled data. These lecture notes present a

framework called multi-view point cloud regularization (MVPCR) [5], which unifies and gener-

alizes several semi-supervised kernel methods that are based on data-dependent regularization

in reproducing kernel Hilbert spaces (RKHS). Special cases of MVPCR include co-regularized

least squares (CoRLS) [7, 3, 6], manifold regularization (MR) [1, 8, 4], and graph-based semi-

supervised learning. An accompanying theorem shows how to reduce any MVPCR problem to

standard supervised learning with a new multi-view kernel.

Relevance

RKHS techniques form the basis of many state-of-the-art supervised learning algorithms, such

as support vector machines (SVMs), kernel ridge regression, and Gaussian processes. By plug-

ging the new multi-view kernel into these, or any other standard kernel method, we can con-

veniently convert them to semi-supervised learning algorithms. Via the reduction of MVPCR

to supervised RKHS learning, we can easily derive generalization error bounds using standard

results. In particular, we generalize the bound given in [6] for CoRLS. From an experimental

perspective, there are many interesting algorithms that fit into the MVPCR framework that

have yet to be explored. As one example, we present manifold co-regularization, which directly

combines the ideas in CoRLS and MR.
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Problem Setting

We begin with some learning theory. For any input x from an input space X , we sup-

pose there is some target y ∈ R that we would like to predict. The “loss” incurred when we

predict ŷ rather than y is given by a non-negative loss function V (ŷ, y). Our goal is to find

a prediction function whose average loss, or risk, is small. More formally, we assume that

(x, y) pairs are drawn from a distribution PX×Y , and the risk of f is defined as the expected

loss on a random pair: R(f) = EV (f(X), Y ). Although we would like to minimize R(f),

in practice we cannot even compute it since PX×Y is unknown. Instead, suppose we have a

training set of pairs (x1, y1), . . . , (x`, y`) sampled independently from PX×Y . Then we can min-

imize the empirical risk, which is defined as R̂`(f) = 1
`

∑`
i=1 V (f(xi), yi) . By the law of large

numbers, lim`→∞ R̂`(f) = R(f) with probability 1, so this is a plausible substitute. However,

the minimizer of R̂`(f) is not guaranteed to converge to the minimizer of R(f) without ad-

ditional constraints on the set of functions over which we are minimizing. Thus we constrain

our minimization to some class of functions F , and define the empirical risk minimizer and

risk minimizer, respectively, by f̂` = arg minf∈F R̂`(f) and f∗ = arg minf∈F R(f). For many

F , we will have R(f̂`)→ R(f∗). With a finite training set, however, there is an inevitable gap

between the risk of f̂` and the risk of f∗. This gap is called estimation error, since f̂` is only an

“estimate” of the unknown function f∗. The speed with which the estimation error converges

to zero is governed, in part, by the size of the class F , with smaller classes giving faster con-

vergence. As the ultimate performance benchmark, we consider the Bayes prediction function,

defined as y∗ = arg minf R(f), which minimizes the risk over all functions. The difference in

risk between y∗ (the best overall) and f∗ (the best in F) is called the approximation error. We

can decompose the excess risk that f̂` has over y∗ using these two types of error:

R(f̂`)−R(y∗) = R(f̂`)−R(f∗)︸ ︷︷ ︸
estimation error

+ R(f∗)−R(y∗)︸ ︷︷ ︸
approximation error

.

In practice, a convenient way to adjust the balance between approximation and estimation

error is to use Tikhonov regularization, in which we solve f∗ = arg minf∈F R̂`(f) + γΩ(f), for

some γ > 0 and some non-negative penalty function Ω. As γ increases, f∗ is pulled towards

a minimizer of Ω(f), which effectively limits the domain of optimization. Generally speaking,

increasing γ will increase approximation error and decrease estimation error. Many popular
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learning algorithms, including the SVM and kernel ridge regression, are Tikhonov regularization

problems for which F is an RKHS. An RKHS of functions from X to R is a Hilbert Space H

with a reproducing kernel, i.e. a function k : X × X → R for which the following properties

hold: (a) k(x, .) ∈ H for all x ∈ X , and (b) 〈f, k(x, .)〉H = f(x), for all x ∈ X and f ∈ H. The

most basic RKHS regularization problem is

f̂` = arg min
f∈H

[
R̂`(f) + γ‖f‖2H

]
. (1)

By the representer theorem, f̂`(x) =
∑`

i=1 αik(x, xi) for some α = (αi)
`
i=1, and thus (1) reduces

to a finite-dimensional optimization over α. For the square loss, the optimal α is a solution to

(K+γI)α = y, where K is the kernel matrix defined by Kij = k(xi, xj), I is the identity matrix,

and y is the vector of training labels. We now discuss extensions of Tikhonov Regularization

that are based on semi-supervised learning assumptions.

Manifold Smoothness and Cluster Assumptions: The input space X often has a natural

distance metric, such as the Euclidean distance when X = Rd. However, the input points

themselves often suggest a different metric. For instance, suppose the input points lie on a one-

dimensional manifold, as shown in Fig. 1(a). While the points A and C are close in Euclidean

distance, they are far apart along the manifold. In Fig. 1(b), the manifold has two disjoint

components, and while points on different components may be close in Euclidean distance, they

are infinitely far apart along the manifold. The idea that the input distribution PX may live on

a low-dimensional manifold in X is supported by many real-world problems. For example, in

speech production, the articulatory organs can be modeled as a collection of tubes whose lengths

and widths smoothly parameterize the low-dimensional manifold of speech signals. In vision,

the images we get when viewing an object from different positions in R3 form a 3-dimensional

submanifold in image space. The manifold smoothness assumption in semi-supervised learning

(SSL) is that f∗ is “smooth” with respect to the manifold underlying PX . Although we don’t

generally know PX , in SSL we have a “point cloud” x1, . . . , xn sampled from PX . The intrinsic

neighborhood structure of the manifold is approximated by the nearest neighbor graph on the

point cloud. Let W be the adjacency matrix and define ΩI(f) = 1
2

∑
i,jWij(f(xi)−f(xj))

2. We

can write this intrinsic smoothness measure as a quadratic form with the Laplacian matrix L

of the graph, i.e. ΩI(f) = f TLf , where f = (f(x1) . . . f(xn))T and L = D−W , where D is the

diagonal degree matrix Dii =
∑

jWij. We attain the manifold regularization (MR) algorithm
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by adding ΩI(f) to the objective function of Eqn. (1):

f̂` = arg min
f∈H

R̂`(f) + γ‖f‖2H + γIΩI(f). (2)

As we make γI large, we push f̂` towards the region of H with small ΩI(f), i.e. towards

those functions with high intrinsic smoothness. As we restrict f̂` to a subset of H, we reduce

estimation error. If our manifold smoothness assumption is correct, then ΩI(f∗) should also be

small, and the restriction will not increase approximation error.

(a) 1 connected component. (b) 2 connected components.

Multi-View Assumptions: In the multi-view approach to SSL, we have several classes of

prediction functions, or “views.” This terminology arises in contexts where an input x ∈ X

can be decomposed naturally as x = (x1, . . . , xm), where each xi represents a different “view”

of the input x. With this decomposition of the input vector, we can define m views, where

the ith view is a class of functions depending only on xi and ignoring the other components of

x. For example, suppose an input x is a clip from a video of a conference room. We divide x

into an audio stream and a video stream, which we write as x = (xaud, xvid). Define our first

view Faud to consist of prediction functions of the form x 7→ f(xaud), and our second view,

Fvid, to consist of functions of the form x 7→ f(xvid). Suppose the goal is to identify who is

speaking in each video clip. Although it is certainly easier to identify who is speaking by using

the xaud and xvid signals together, a person who is familiar with the voices and appearances

of the individuals in the conference room could do quite well with just one of these signals.

Thus it is reasonable to assume that each of our views, both Faud and F vid, contains a function

that makes the correct predictions. Now suppose we have a very limited amount of training

data, and the only time that Bob spoke, there was an accompanying sound of a truck passing

outside in the audio stream xaud, but no corresponding signal in the video track xvid. Without

additional information, it would be difficult to rule out a prediction function f aud
bad ∈ Faud that

identifies Bob as the speaker whenever a truck passes. However, there is no evidence for a truck

passing in the video signal, and thus there is no function in Fvid that can consistently make the
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same predictions as f aud
bad . Since we assumed that each view contains a function that makes the

correct predictions, and F vid does not contain any function that matches faud
bad , we can conclude

that faud
bad does not make the correct predictions. Thus by using the assumption that each view

has a good function, we can prune out functions, such as f aud
bad , that fit the training data but will

not perform well in general. To effect this pruning in practice, we introduce a co-regularization

function ΩC(f
1, f 2) that measures the disagreement between f 1 and f 2. Then, we solve

(f̂ 1
` , f̂

2
` ) = arg min

f1∈H1,f2∈H2

R̂`

(
1
2
(f 1 + f 2)

)
+ γ1‖f 1‖2H1 + γ2‖f 2‖2H2 + λΩC(f

1, f 2), (3)

for RKHSs H1 and H2. The final prediction function is ϕ̂`(x) = (f̂ 1
` (x) + f̂ 2

` (x))/2. Taking

ΩC(f
1, f 2) =

∑n
i=1(f

1(xi)− f 2(xi))
2, we get the CoRLS [7, 3, 6] algorithm.

Solution

Multi-View Point Cloud Regularization: We now consider a generalized Tikhonov reg-

ularization framework that subsumes the methods discussed above. Our views are RKHSs

H1, . . . ,Hm of real-valued functions on X , with kernels k1, . . . , km, respectively. Define F =

H1 × · · · ×Hm. We want to select one function from each view, say f = (f 1, . . . , fm) ∈ F , and

to combine these functions into a single prediction function. We fix a vector of view weights

a = (a1, . . . , am) ∈ Rm, and define u(f) = a1f
1 + · · ·+ amf

m. The final prediction function is

ϕ(x) = u(f)(x) = a1f
1(x) + · · · + amf

m(x). We define the space of these prediction functions

by H̃ = u(F). Note that H̃ may change with different settings of a, in particular when entries

of a are set to zero. For any f ∈ F , we denote the column vector of function evaluations on

the point cloud by1 f = (f 1(x1), . . . , f
1(xn), . . . , fm(x1), . . . , f

m(xn))
T ∈ Rmn. For any positive

semidefinite (PSD) matrix M ∈ Rmn×mn, the objective function for MVPCR is

arg min
ϕ∈H̃

min
{(f1,...,fm):a1f1+···amfm=ϕ}

R̂`(ϕ) +
m∑
i=1

γi‖f i‖2Hi + λf TMf , (4)

where γ1, . . . , γm > 0 are RKHS norm regularization parameters, and λ ≥ 0 is the point cloud

norm regularization parameter. In the objective function above, H̃ is a raw set of functions,

without any additional structure. The main result of this paper endows H̃ with an RKHS

structure:

1For the rest of this paper, we use bold face to indicate a finite dimensional column vector and an underline

to indicate that a vector is the concatenation of a column vector associated with each of the m views.
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Theorem 1. There exists an inner product for which H̃ is an RKHS with norm

‖ϕ‖H̃ =

√√√√ min
{f : a1f1+···amfm=ϕ}

[
m∑
i=1

γi‖f i‖2Hi + λf TMf

]
(5)

and reproducing kernel function

k̃(z, x) =
m∑
j=1

a2
j

γj
kj(z, x)− λkT

xAG
−1
(
I + λMG−1K

)−1
MG−1Akz, (6)

where we denote the point cloud kernel matrix for the jth view by Kj = (kj(xi, xk))
n
i,k=1, K is

defined as the block diagonal matrix K = diag (K1, . . . , Km) ∈ Rmn×mn,

A = diag

a1, . . . , a1︸ ︷︷ ︸
n times

, . . . , am, . . . , am︸ ︷︷ ︸
n times

 G = diag

γ1, . . . , γ1︸ ︷︷ ︸
n times

, . . . , γm, . . . , γm︸ ︷︷ ︸
n times

 ,

and we denote the column vector of kernel evaluations between the point cloud and an arbitrary

point x ∈ X , for each kernel, by kx = (k1(x1, x), . . . , k1(xn, x), . . . , km(x1, x), . . . , km(xn, x))
T
.

For a proof, we point the reader to [5], where this theorem was first presented. We call

the kernel given in Eqn. 6 the multi-view kernel. This theorem implies that the solution to

the MVPCR problem in Eqn. (4) is exactly the solution to the standard RKHS regularization

problem of Eqn. (1) over RKHS H̃. Below, we use this reduction to derive complexity and

generalization bounds for MVPCR as a consequence of well-known results for RKHS learning.

This approach is much simpler than the “bare-hands” proof used for the special case of CoRLS

in [6]. From an algorithmic perspective, since we have an explicit form for the multi-view

kernel, we can easily plug it in to any standard kernel algorithm. For example, the kernel can

be plugged into kernel logistic regression, Bayesian kernel methods such as Gaussian Processes,

one-class SVMs, kernel PCA, etc., turning these algorithms into multi-view learners. We note

that Thm. 1 generalizes the result of [8] for MR and of [9] for CoRLS.

Supervised Learning, MR, CoMR, and other Special Cases: It is easy to see that if we con-

sider a single view, i.e. m = a1 = 1, and set λ = 0, we get back the basic RKHS regularization

problem of Eqn. (1). If we take λ > 0 and M to be the graph Laplacian, then we get back MR.

To get CoRLS, we take m = 2, a1 = a2 = 1/2, and set M to the matrix,

MC :=

 I −I

−I I

 ,
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where each I is an n × n identity matrix. We can easily extend co-regularization to m views

by taking MC to be an m × m block matrix with n × n identity matrices on the diagonal,

and n × n negative identity matrices off the diagonal. In particular, this recovers the multi-

view generalization of co-regularization with least squares loss given in [3]. In [10], a kernel

matrix is derived for co-regularized Gaussian processes. Their approach is transductive and

does not provide predictions for points outside of the unlabeled training set. The multi-view

kernel presented here (for M = MC) not only recovers their kernel matrix when evaluated on

the point cloud, but also possesses a natural out-of-sample extension to unseen data points. In

addition, it generalizes to other loss functions, gives explicit control over view weights, and can

incorporate more general data-dependent regularizers than the typical `2-disagreement.

Rademacher Complexity and Generalization Bounds

In the section “Problem Setting,” we discussed how we can trade off between approxima-

tion error and estimation error by changing the size of F . We now discuss a precise mea-

sure of function class size. For a class of functions F and a distribution on the domain

X , the empirical Rademacher complexity of F for a sample x1, . . . , x` ∈ X is defined as

R̂`(F) = E supf∈F
1
`

∑`
i=1 σif(xi), where the expectation is over the i.i.d. Rademacher vari-

ables σ1, . . . , σ`, which are distributed as P (σi = 1) = P (σi = −1) = 1
2
. For fixed σi’s, the

supremum selects the function f ∈ F that best “fits” the σi’s, in the sense that when σi = 1,

f(xi) is a large positive number, and when σi = −1, f(xi) is a large negative number. Thus

if R̂`(F) is large, then F has functions that can fit most random noise sequences and may be

prone to over-fitting the data. We make this statement precise with a well-known generalization

bound [2], which bounds the worst case gap between risk and empirical risk in terms of R̂`(F):

Theorem 2. Suppose that the loss function V (·, y) is L-Lipschitz for every y ∈ R and V (·, ·) ∈

[a, b] for some a < b. Then for any δ ∈ (0, 1), with probability at least 1− δ,

supf∈F

∣∣∣R̂`(f)−R(f)
∣∣∣ ≤ 2LR̂`(F) + (b− a)

√
2 log(3/δ)

`
.

We now derive bounds for MVPCR. It is straightforward to show that if ϕ̂` is an MVPCR

solution, then ‖ϕ̂`‖2H̃ ≤ r2 := R̂`(0), where the 0 denotes the prediction function that always

predicts 0. Thus we can consider the optimization in MVPCR to be over the norm ball H̃r of

radius r, rather than over all of H̃. By a well-known result, R̂`(H̃r) ≤ r
`

√
tr K̃, where K̃ is the
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kernel matrix for k̃ on the labeled training points (c.f. [5] and references therein). To apply

Thm. 2, H̃r must be a fixed class of functions. However, in our setting H̃r may be a random

class of functions, even depending on the labeled data via the point cloud. Let us assume that

the point cloud defining H̃ is independent of the labeled data points. Then conditional on the

point cloud, H̃r is a deterministic class of functions. Plugging the bound on R̂`(H̃r) into Thm.

2, we attain a generalization bound for any MVPCR algorithm. This also implies a bound on

estimation error, since R(f̂`)−R(f∗) ≤ 2 supf∈F |R̂`(f)−R(f)|, which is bounded by Thm. 2.

Unlabeled Data Improves the Bound

Here we present a result that shows how unlabeled data reduces the Rademacher com-

plexity, and thus reduces the bound on estimation error, for the specific case of two-view

CoRLS. Recall that the parameter λ controls the extent to which we enforce agreement be-

tween the prediction functions from each view: f 1 and f 2. Let H̃(λ) denote the space of predic-

tion functions for a particular value of λ. It has been shown in [9, 6] that the Rademacher

complexity for a ball of radius r in H̃(λ) decreases with λ by an amount determined by

∆(λ) =
∑`

i=1 ρ
2
(
γ−1

1 k
1
Uxi

, γ−1
2 k

2
Uxi

)
, where k1

Uxi
and k2

Uxi
are u × 1 column vectors whose

jth entries are k1(xi, x`+j) and k2(xi, x`+j), respectively, and ρ(·, ·) is a metric on the space Ru

defined by ρ2(s, t) = λ(s− t)′ (I + λS)−1 (s− t), where S = γ−1
1 K1

UU + γ−1
2 K2

UU is a weighted

sum of the unlabeled data kernel matrices. We see that the complexity reduction ∆(λ) grows

with the ρ-distance between the two different (scaled) representations of the labeled points,

where the measure of distance is determined by the unlabeled data.

Manifold Co-Regularization

As an application of MVPCR, we present manifold co-regularization (CoMR), a multi-view

version of MR. Roughly speaking, CoMR is two-view CoRLS with a particular choice of views.

The ambient view, denoted by HA, is an RKHS of functions defined on the input space X . As

usual, the “smoothness” of a function f ∈ HA is measured by the RKHS norm ‖f‖HA . The

intrinsic view, denoted by HI, comprises functions whose domain is restricted to the point

cloud M = {x1, . . . , xn}. The measure of smoothness for a function f ∈ HI is taken to be

ΩI(f) = f TMIf , where MI is a PSD matrix, such as the Laplacian matrix of the data adjacency

graph. While in MR we look for a single function f ∈ H that has both small RKHS norm and
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small ΩI(f), in CoMR we look for two separate functions, an f I ∈ HI with small ΩI(f) and

an fA ∈ HA with small norm. We then ask only that fA and f I be close, as measured by a co-

regularization term. Due to the difference in representations caused by differences in ambient

and geodesic distances, by the discussion above we expect good reductions in the complexity

of our co-regularized function space H̃. For CoMR, we define the view combination function as

u(fA, f I) = aAfA + aIf I, for any fixed aA, aI ∈ R, and we define the space of final prediction

functions as H̃ = {u(fA, f I) | fA ∈ HA, f I ∈ HI)}. Then the CoMR optimization problem is

written as: arg minϕ∈H̃min(fA,fI)∈u−1(ϕ) R̂`(ϕ) + γA‖fA‖2HA + γI (f I)
T
MIf

I + λf TMCf , where

f = (fA(x1), . . . , f
A(xn), f I(x1), . . . , f

I(xn))T , and where MC, as before, is the co-regularization

matrix for two views. If MI is invertible, or if we make it so by adding a small ridge term,

then HI is a finite-dimensional RKHS with norm ‖f I‖I =
√

(f I)
T
MIf

I and kernel function

k :M×M→ R given by the matrix (MI)
−1. Thus our two views are proper RKHSs, and we

may directly apply Thm. 1 to get an expression for a multi-view kernel onM. Experiments in

[9] showed that CoMR with aI = aA = 1/2 significantly outperforms MR on several learning

tasks. Note that if aI 6= 0, then the final prediction function will only be defined on M, since

f I is itself restricted to M. However, if we take aI = 0, our final prediction function will

be fA, which is defined on all of X . For this special case, the CoMR objective function can

be written more simply as arg minfA∈HA R̂`(f
A) + γA‖fA‖2HA + γI (fA)

T
MI

(
I + γI

2λ
MI

)−1
fA.

When we take λ→∞, the objective function reduces to MR. As λ→ 0, the dependence on the

unlabeled data vanishes as the last term in the objective function goes to 0. Thus λ mediates

between purely supervised learning at one limit and MR at the other limit. Note that when

aI = 0, CoMR may be viewed as MR with a modified smoothness measure. See [5] for more

details.

Conclusion

We have presented a new RKHS where Tikhonov regularization incorporates both smoothness

and multi-view semi-supervised assumptions, and subsumes manifold regularization and co-

regularization as special cases. Compared with early frameworks, MVPCR gives prediction

functions with out-of-sample extensions, handles multiple views, and allows for arbitrary linear

combinations of individual views, rather than simple averages. We expect that the multi-view

kernel will allow convenient “plug-and-play” exploration of novel semi-supervised algorithms,
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both in terms of implementation and performance bounds.
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